We prove the existence and give constructions of a resolvable (v, k, 1)-Mendelsohn design for any integers v > k ≥ 2 with v ≡ 1 mod k such that there exists a finite Frobenius group whose kernel has order v and whose complement contains an element of order k. In the case when k is a prime, we obtain a resolvable perfect (v, k, 1)-Mendelsohn design. As an application we prove that for any integer v = p 
Introduction
Let v ≥ k ≥ 2 and λ ≥ 1 be integers. A (v, k, λ)-Mendelsohn design [22] , or a (v, k, λ)-MD for short, consists of a set X (of points) of cardinality v and a collection B of cyclically ordered subsets of X (called blocks) each with cardinality k, such that every ordered pair of elements of X are consecutive in exactly λ blocks. In a block (a 1 , a 2 , . . . , a k ) with cyclic order a 1 < a 2 < . . . < a k < a 1 , the two elements a i and a i+t are said to be t-apart, where subscripts are taken modulo k. A (v, k, λ)-MD (X, B) is called ℓ-fold perfect [18] if, for t = 1, . . . , ℓ, every ordered pair of elements of X appears t-apart in exactly λ blocks. A (v, k, λ)-MD is said to be perfect [22] , denoted by (v, k, λ)-PMD, if it is (k − 1)-fold perfect.
The concepts above were introduced by Mendelsohn in [22] , where an MD was called a 'cyclic design' and a PMD a 'perfect cyclic design'. The terms 'Mendelsohn design' and 'perfect Mendelsohn design' were coined by Hsu and Keedwell in [18] and have been widely used since then. Beginning with [22] , there has been extensive research on MDs and PMDs with focus on their existence for given parameters (v, k, λ); see [6] for a survey on this topic.
In a (v, k, λ)-MD the number of blocks is equal to λv(v − 1)/k. Thus a necessary condition for the existence of a (v, k, λ)-PMD is λv(v − 1) ≡ 0 mod k. This condition has proved to be sufficient in most cases, but not in all cases (see [6] ). For example, it was proved in [5, 21] that the necessary condition λv(v − 1) ≡ 0 mod 3 for the existence of a (v, 3, λ)-PMD is also sufficient, except for the non-existing (6, 3, 1)-PMD. As a result of investigations by several authors, it is known that the necessary condition when k = 4 is also sufficient, except for v = 4 and λ odd, v = 8 and λ = 1 (see [4, Theorem 1.2] ). Similarly, due to the investigation of various researchers, it is known that the necessary condition when k = 5 is sufficient, except for λ = 1, v ∈ {6, 10}, and possibly for λ = 1 and v ∈ {15, 20} (see [4, Theorem 1.3] ). We refer the reader to [1, 4, 23] and Section 5 of the survey paper [6] for more results on the existence of PMDs.
A (v, k, λ)-MD is called resolvable [7] , denoted (v, k, λ)-RMD, if either v ≡ 0 mod k and the set of blocks can be partitioned into λ(v − 1) parts each containing v/k pairwise disjoint blocks, or v ≡ 1 mod k and the set of blocks can be partitioned into λv parts each containing (v −1)/k pairwise disjoint blocks. We denote a resolvable perfect (v, k, λ)-MD by (v, k, λ)-RPMD. In [7] it was proved among other things that a (v, k, 1)-RMD exists if there is an algebra of order v in a certain quasi-variety. It was shown by F. E. Bennett and D. Sotteau [8] and by J.-C. Bermond, A. Germa and Sotteau [10] The number of exceptional cases was reduced to at most 27 by the same author in [33] . In [32] , he also showed that a (v, k, 1)-RPMD exists for all sufficiently large v with v ≡ 0 ( mod k). In [2] , Abel, Bennett and Ge proved that a (v, 5, 1)-RPMD with v ≡ 1 ( mod 5) exists for all v > 6, except possibly for v = 26. In [3] the same group proved that a (v, 5, 1)-RPMD with v ≡ 0 ( mod 5) exists for all v ≥ 215, with two known exceptions plus at most 17 possible exceptions below this value. In [31] , Zhang proved that the necessary condition for the existence of a (v, 4, λ)-RPMD, namely, v ≡ 0 or 1 ( mod 4), is also sufficient for λ > 1 with the exception when v = 4 and λ is odd.
In this paper we give constructions of RMDs and RPMDs by using Frobenius groups. (See the next section for the definition of a Frobenius group and other group-theoretic definitions.) We first prove (see Theorem 3.1) that, if there exists a finite Frobenius group K ⋊ H with Frobenius kernel K and complement H such that v = |K| and H contains an element φ of order k ≥ 2, then a (p(k) − 1)-fold perfect (v, k, 1)-RMD exists, where p(k) is the smallest prime factor of k. Moreover, such a (v, k, 1)-RMD can be easily constructed from φ and the action of H on K, and it is a (v, k, 1)-RPMD when k is a prime. This basic result together with known results on Frobenius groups enables us to construct many RMDs and RPMDs systematically. In the present paper we will use Theorem 3.1 and a known result [11] on Ferrero pairs to prove the existence and give an explicit construction of a (v, k, 1)-RPMD, for any integer with prime factorization v = p e 1 1 . . . p er r and any prime k dividing every p
In recent years, Frobenius groups have been used [26, 27, 28, 34] All results obtained in this paper can be stated in terms of regular orthomorphisms of groups. The rest of this paper is organized as follows. In the next section we compile related definitions on Frobenius groups, complete mappings and orthomorphisms. In Section 3, we present our basic construction of (v, k, 1)-RMDs using Frobenius groups (Theorem 3.1) and discuss its applications (Theorem 3.8). In Section 4 we prove Theorem 4.1 and two corollaries, and finish the paper with an example.
Frobenius groups, complete mappings and orthomorphisms
To make this paper self-contained let us first give several basic definitions on permutation groups and Frobenius groups. Undefined group-theoretic definitions can be found in [12, 16] .
Let G be a group whose identity element is denoted by 1 G , and let Ω be a set. An action of G on Ω is a mapping G × Ω → Ω, (x, α) → x(α), such that 1 G (α) = α and x(y(α)) = (xy)(α) for α ∈ Ω and x, y ∈ G. Call G(α) := {x(α) : x ∈ G} the G-orbit containing α, and G α := {x ∈ G :
= Ω for some (and hence all) α ∈ Ω, and regular on Ω if it is both transitive and semiregular on Ω.
If a group H acts on a group K such that x(uw) = x(u)x(w) for any x ∈ H and u, w ∈ K, then H is said to act on K as a group. This is equivalent to saying that the mapping defined by x → ψ x is a homomorphism from H to Aut(K), where ψ x ∈ Aut(K) is defined by ψ x (u) = x(u). In this case the semidirected product [12] of K by H with respect to the action, denoted by K ⋊ H, is the group whose elements are all ordered pairs (u, x), u ∈ K, x ∈ H, with operation defined by ( [12, 16] a Frobenius group. It is well known [12, 16] that, for a finite Frobenius group G = K ⋊ H, K is a nilpotent normal subgroup of G, called the Frobenius kernel of G. H is called [12, 16] a Frobenius complement of K in G.
We can equivalently define a Frobenius group as a transitive group G on a set Ω that is not regular but has the property that 1 G is the only element of G which fixes two points of Ω. The Frobenius kernel K of G then consists of 1 G and the elements of G fixing no point of Ω, and the stabilizer H in G of a point of Ω is a complement of G (see e.g. [12, pp.86] ). Since K is regular on Ω, we may identify Ω with K in such a way that K acts on itself by right multiplication, and we may choose H to be the stabilizer of the identity element of K so that H acts on K by conjugation.
An automorphism φ ∈ Aut(G) of a group G is call fixed-point-free if φ(x) = x for every nonidentity element x of G. A subgroup H of Aut(G) is called fixed-point-free if every non-identity element of H is fixed-point-free. If K is a nontrivial group and H a nontrivial fixed-point-free subgroup of Aut(K), then K ⋊ H (with respect to the natural action of H on K) is a Frobenius group with kernel K and complement H. In the literature (see e.g. [11] ), when the operation of K is written additively (but K is not necessarily abelian), such a pair (K, H) is called a Ferrero pair.
Let G be a finite group. A bijection θ : G → G is called [20, 24] a complete mapping of G if the mappingθ defined byθ(x) = xθ(x) is also a bijection, and an orthomorphism [14] if the mappingθ defined byθ(x) = x −1 θ(x) is also a bijection. Clearly, θ is a complete mapping if and only ifθ is an orthomorphism, and θ is an orthomorphism if and only ifθ is a complete mapping. Beginning with [20] , there is a long history of studying complete mappings. In 1955, Hall and Paige [24] proved that a finite group with a nontrivial, cyclic Sylow 2-subgroup does not admit complete mappings. The converse, which was a long-standing conjecture [24] , was proved in 2009 by Wilcox [29] , Evans [13] and Bray. Obviously, if θ is a complete mapping or orthomorphism of G, then so is the bijection x → θ(x)a for every fixed a ∈ G. Hence we may require θ to fix the identity element 1 G of G; a complete mapping or orthomorphism with this property is said to be in canonical form. As a permutation of G, θ can be decomposed into a product of cycles. A complete mapping or orthomorphism θ in canonical form is k-regular [17] for an integer k ≥ 2, if all cycles in this decomposition other than the trivial cycle (1 G ) of length one have length k. (In [17] such a complete mapping θ is also called a (k, 1)-complete mapping.) If in addition θ, θ 2 , . . . , θ ℓ are all k-regular, where ℓ is a positive integer less than k and θ i is the composition of θ with itself i times, then θ is said [18, Definition 5.7 ] to be ℓ-fold perfect. In particular, θ is called [18] perfect if it is (k − 1)-fold perfect.
Resolvable Mendelsohn designs and regular orthomorphisms
In this section we prove the following connection between RMDs and Frobenius groups. Denote by p(k) the smallest prime factor of an integer k ≥ 2. In general, we do not know when two non-conjugate elements of H with the same order produce isomorphic (v, k, 1)-RMDs.
To prove Theorem 3.1 we need two lemmas. Proof Since K ⋊ H is a Frobenius group, H is semiregular on K \ {1}, where 1 is the identity element of K. That is, for any x ∈ K, φ(x) = x implies x = 1. Thus, for x, y ∈ K, we have:
In other words, the mapping from K to K defined byφ(x) = x −1 φ(x) is injective and so must be bijective as K is finite. Note that φ fixes 1. Therefore, φ is an orthomorphism of K in canonical form. Since φ has order k, we have
) is a cycle in the decomposition of the permutation φ of K into disjoint cycles. This implies that every nontrivial cycle in the cycle decomposition of φ has length k. Therefore, φ is a k-regular orthomorphism of K.
We prove further that φ is (p(k) − 1)-fold perfect. Fix i with 1 ≤ i ≤ p(k) − 1. Since p(k) is the smallest prime factor of k, i and k are coprime. Hence the order of φ i is equal to k. It follows from what we proved above that φ i is a k-regular orthomorphism of K. Since this holds
In the special case when k is a prime, we have p(k) = k and therefore φ is a perfect k-regular orthomorphism of K. Conversely, suppose φ is a perfect k-regular orthomorphism of K. Then φ, φ 2 , . . . , φ k−1 are all k-regular orthomorphisms of G. This implies that, for any 1 ≤ i, j ≤ k − 1 and any x ∈ K \ {1}, we have φ ij (x) = x and so ij cannot be a multiple of k. Therefore, k must be a prime.
✷
The left regular representation [16] 
, and it acts regularly on G in the obvious way. Moreover, L G is isomorphic to G when g is identified with L g .
The following result is similar to its counterpart for complete mappings (see Theorems 5.1, 5.3 and 5.4 in [18] ), and the proof is similar to that of [18, Theorems 5.1]. We give its proof for the completeness of the present paper. Proof By our assumption, θ is defined by θ(1 G ) = 1 G and θ(g ij ) = g i,j+1 , 1 ≤ i ≤ r, 1 ≤ j ≤ k, with the second subscript modulo k. In general, for 1 ≤ t ≤ ℓ, θ t (1) = 1 and θ t (g ij ) = g i,j+t . Fix t with 1 ≤ t ≤ ℓ. Let (x, y) be an arbitrary pair of distinct elements of G, so that x −1 y = 1. We have (x, y) = (gg ij , gg i,j+t ) if and only if x −1 y = g −1 ij g i,j+t and g = xg −1 ij . However, since by our assumption θ t is an orthomorphism of G, there is exactly one pair (i, j) satisfying the first equation. Therefore, the ordered pair of elements (x, y) are t-apart in exactly , g 12 , . . . , g 1k ), . . . , (g r1 , g r2 , . . . , g rk )} is a basis, and its blocks are base blocks, of the (v, k, 1)-RMD in the sense that all other blocks are obtained from them by applying L G . This fact is usually expressed [6] as B = dev(B 1 ).
Proof of Theorem 3.1 Let v, k, K ⋊ H and φ be as in the theorem. By Lemma 3.2, φ gives rise to a (p(k) − 1)-fold perfect k-regular orthomorphism of K in canonical form, whose cycles in the cycle decomposition are B(x) = (x, φ(x), φ 2 (x), . . . , φ k−1 (x)), x ∈ K \ {1}, where 1 is the identity element of K. Note that B(x) = B(y) as sets if and only if y = φ i (x) for some i. Regard B(x) as a block with cyclic order x < φ(x) < φ 2 (x) < · · · < φ k−1 (x) < x, and define B 1 (φ) = {B(x) : x ∈ K \ {1}} with duplicated blocks counted only once. More explicitly, letting the φ -orbits on K \ {1} be φ (x 1 ), . . . , φ (x r ), where x 1 , . . . , x r ∈ K \ {1} and r = (v − 1)/k, we have
where B g (φ) = gB 1 (φ) = {gB(x 1 ), . . . , gB(x r )} with gB(x i ) = (gx i , gφ(x i ), gφ 2 (x i ), . . . , gφ k−1 (x i )) for i = 1, . . . , r. By Lemma 3.3, (K, B(φ)) is a (p(k) − 1)-fold perfect (v, k, 1)-RMD. Since φ leaves each block of B 1 (φ) invariant and permutes its elements cyclically, one can verify that (K, B(φ)) admits φ as a group of automorphisms. Since by Lemma 3.3, (K, B(φ)) also admits L K as a group of automorphisms, it admits K ⋊ φ as a group of automorphisms (with K identified with L K ). If k is a prime, then by Lemma 3.2, φ gives rise to a perfect k-regular orthomorphism of K, and hence (K, B(φ)) is a (v, k, 1)-RPMD by Lemma 3.3.
Finally, assume that φ ′ = ψ −1 φψ is a conjugate of φ, where ψ ∈ H, then a typical base block in B 1 (φ ′ ) is (x, ψ −1 φψ(x), . . . , ψ −1 φ k−1 ψ(x)), which can be expressed as
where we set y = ψ(x). From this one can verify that ψ (viewed as a bijection of K) is an isomorphism from (K, B(φ)) to (K, B(φ ′ )). ✷
We point out that in Theorem 3.1 and Lemma 3.2 we essentially dealt with the Frobenius group K ⋊ φ , where φ is the subgroup of H generated by φ. Thus we have the following corollary of Theorem 3.1.
Corollary 3.5. If there exists a finite group K of order v = |K| ≥ 3 that admits a fixed-pointfree automorphism of order k, then there exists a (p(k)
The well-known Cauchy's theorem in group theory asserts that for any finite group H and any prime divisor k of |H|, H contains an element of order k. Combining this with Theorem 3.1 we obtain the following result. By applying Theorem 3.1, Corollary 3.5 or Corollary 3.6 to various finite Frobenius groups, or finite groups admitting fixed-point-free automorphisms, we can obtain many Mendelsohn designs of specific parameters. This enables us to construct RMDs and RPMDs by using knowledge from group theory. We illustrate this by the following simple example.
Example 3.7. The 1-dimensional affine group AGL(1, q) over F q consists of all affine transformations t α,β : ξ → αξ + β of F q , α ∈ F * q , β ∈ F q , where q is a prime power. It is well known that AGL(1, q) is sharply 2-transitive [12] on F q and hence is a Frobenius group. In fact, AGL(1, q) = K ⋊ H, where K = {t 1,β : β ∈ F q } and H = {t α,0 : α ∈ F * q }. Since H is a cyclic group of order q − 1, for every divisor k ≥ 2 of q − 1, H has a unique element φ = t α,0 of order k, where α = ω r with ω a primitive element of F q and r = (q − 1)/k. Moreover, φ is isomorphic to the subgroup α of F * q , and so we may identify these two cyclic groups. By Theorem 3.1, a (q, k, 1)-RMD exists and can be constructed explicitly. A typical base block in B 1 (φ) is of the form (x, xα, . . . , xα k−1 ). Hence B 1 (φ) = {(1, ω r , . . . , ω r(k−1) ), . . . , (ω r−1 , ω 2r−1 , . . . , ω r(k−1)+(r−1) )} and so the blocks of B(φ) are
This construction is well known in the literature (see e.g. [6, 23, 30] ). In the case when k is a prime factor of q − 1, by Theorem 3.1 the (q, k, 1)-RMD above is a (q, k, 1)-RPMD. A result of Mendelsohn [22] asserts that a (q, k, 1)-PMD exists for every prime power q and every divisor k > 2 of q − 1. i and let K = ⊕ t i=1 F q i be the direct sum of the additive groups of the finite fields F q i . Since k divides q i − 1, r i = (q i − 1)/k is an integer for each i. Let ω i be a primitive element of F q i and H i = ω r i i be the subgroup of F * q i with order k. We denote a copy of for (x 1 , . . . , x t ) ∈ K and ω j ∈ H. It can be verified that H acts fixed-point-freely on K as a group, and H is isomorphic to a subgroup of Aut(K). Thus (K, H) is a Ferrero pair with |K| = v and |H| = k. Since k is a prime, every non-identity element of H has order k . For i = 1, . . . , k − 1, the (v, k, 1)-RPMD (K, B(ω i )) obtained from ω i is as follows: the basis B 0 (ω) consists of blocks of the form B(x 1 , . . . , x t ) = ((x 1 , . . . , x t ), (ω (y 1 , . . . , y t ) ), where B 0 (ω)+(y 1 , . . . , y t ) consists of all blocks B(x 1 , . . . , x t )+(y 1 , . . . , y t ) = ((x 1 +y 1 , . . . , x t +y t ), (ω
There has been extensive research on existence of (v, k, λ)-PMDs for a fixed integer k (see [6] We remark that, by the well known Dirichlet prime number theorem (see e.g. [19] ), there are infinitely many primes congruent to 1 modulo k.
Resolvable Mendelsohn designs constructed from cyclic groups
In this section we construct resolvable Mendelsohn designs from cyclic groups by using Theorem 3.1 and recent results [25, 26, 27, 28, 34] on first-kind Frobenius circulant graphs.
As usual we use Z n to denote the additive group of integers modulo n and Z * n = {[u] : 1 ≤ u ≤ n − 1, gcd(n, u) = 1} the multiplicative group of units of ring Z n . Then Aut(Z n ) ∼ = Z * n and Z * n acts on Z n by the usual multiplication:
Denote by ϕ Euler's totient function. The main result in this section is as follows. (b) Similar to Lemma 3.2, the result in Theorem 4.1 can be stated in terms of orthomorphisms: under the same assumption Z v admits at least ϕ(k) t k-regular orthomorphisms. D. F. Hsu conjectured that, for every odd integer n ≥ 3 and every divisor k of n − 1, a k-regular complete mapping of Z n exists, or equivalently a k-regular orthomorphism exists. Theorem 4.1 confirms this conjecture in the special case when k is even and divides p − 1 for every prime factor p of n. Earlier Hsu's conjecture was confirmed in [15, Theorem 3] 
In line with the proof of Lemma 3.2, since [a − 1] ∈ Z * v as noted above, one can verify that the mapping from
Hence φ a is a k-regular orthomorphism of Z v . Thus, by Theorem 3.1 and its proof, φ a produces a (v, k, 1)-RMD, B(a), whose base blocks are B a,i = (
It (3, 16, 50, 37) , (4, 39, 49, 14) , (24, 22, 29, 31) , (25, 45, 28, 8) , (26, 15, 27, 38) , (47, 21, 6, 32) , (48, 44, 5, 9) , (17, 20, 36, 33) , (18, 43, 35, 10) , (40, 19, 13, 34) , (41, 42, 12, 11) .
Note that B(53) = dev(B 0 (53)) = ∪ 52 i=0 (B 0 (53) + i), where B 0 (53) + i is obtained from B 0 (53) by adding i to each block of B 0 (53) coordinate-wise with addition modulo 53. For example, B 0 (53) + 1 consists of (2, 24, 0, 31), . . . , (42, 43, 13, 12).
